Rigid Body Dynamics with Quaternions and Perfect Constraints

Michael Moller and Christoph Glocker
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Quaternions and Rotations

Quaternion A = (ag,a) =ag+ari +asj+azk e H, a; €R

Conjugation and norm A = (ap, —a) Al =+/ai+aTa

Multiplication

AB = (aphy — a'b, apb + bpa + ab) B = (bo,b) € H AB # BA
not commutative

Rotation and scaling of vectors

A(0,z)A = (0,sRx), RecSO(3), scR{

Ri= —(a aol +a) al = |42
= TAp a ag a wl+a) S =



Kinematics

« Body with 3 translational, 3 rotational and 1 scaling degree of freedom
E=sRpo+r 7 degrees of freedom

£ : actual position
reference position

S :

R : rotation matrix }
S

T

: scaling factor = (a0, a)
: translation vector
e Generalized coordinates
r
q:= (ag ), Al #0 displaced
a
« Kinematics
(0,€) = A(0, 0)A + (0,7)  absolute position T 0 0

Q=10 2aq 2a'
E=(I Ro —Rp)Qq absolute velocity 0 —2a 2apl —2a



Kinetic Energy

Kinematics €= (I Re —R2)Qq reference configuration
Kinetic energy A B

1 [ .T1.
T=- / ¢ édm 0

2B

) I Ro —Rp S

- qTQT/ oR" oo 0 dm Qg
"\eR" 0 -po

S : center of mass

Mass and inertia tensor

1
m::/dm, @::/E)@Tdm /gdsz, /ngdm:—Tr@
B B B B 2

Mass matrix

mI
M = 0
0

o=

0 0
1
Tr® 0 |eR™T T = §qTQTMQq kinetic energy of the body
0 ®



Virtual Work

« Principle of virtual work, dynamics of the infinite dimensional system

System S is in
dynamic equilibrium.

5W:/55T(édm—dF—dZ):0, ViE <
S

« Perfect bilateral constraint & = £(o, q,t), /5£TdZ=0, 0€ = gg dqg Voq
S
 Reduction to system with g coordinates
5qT/ (as)gdm 5q/(8£) dF =0, Véq
s \9q dq)
=1 06\ g _ d[(0€Y ;] _ d (98,
dq) > dt|\Oq dt \ Oq
o€ o€ .
oq dt/(@)sdm 5q/(8>£dm 0)qg' f =0, Vg
rd (OTN' o r(OT\' o r._ LT,
0q AE oq 9 0qg' f=0, Vg T(q,q,t) := 5/56 &dm

Equations of motion



Equations of Motion

o Principle of virtual work: 5" 8_T _sqT 8_T d _sqTf =0, Viq
dt \ dq 0q
- Partial derivative
e -1, ()
T = 4'Q"MQy="TiTi + 2a'Q"MQq 5 \q
or\' or\ . .
=Q'™MQq, (-] =Q'MQq
8q 0q

« Equations of motion in generalized coordinates

Q'™MQi+Q™MQqg+Q'™™M(Qqg—Qq)—f=0 7 degrees of freedom
85 a z 8£ 85 ~
f = / (8q> (dF* + dF?), 9~ 04 =(I Ro —Rp)Q

F::/dFa’, cs ::/QTRTdFa, Mg ::/@RTdFG’
B B

F
%3 2 f—QT(Cs)-l-z
z:—/(aq>dF M



Perfect Constraining of the Scaling

« Perfect bilateral constraint (d'Alembert / Lagrange)

« Constraint equation g(@) =4 -1=0

« Constraint force 5q"'z=0 Vdgq |0g =0
« Reformulation of the constraint force 6q |69 =0
<
dg
dg = =0
g dq q
T T dg !
0g'z=0 VYdiq|dq 3 — 0
q 9(q) =0 a

90 \T 0
z—(a—g))\— 20 | A, MeR
q 2a
« Equations of motion of a rigid body (DAE)

Q'™MQi+Q ™MQi+Q™M(Qg—Qq) — Q" (F" cs+ N\ M) =0 A2 =1



Transformation of the Velocities

« New generalized velocities

v v=r - velocity
u:=| v | =Qq V=235 : scaling velocity
W @ = sRTR : generalized angular velocity

§=Q 'u, 6q=Q 'ou

( (QTMQq) Q'MQq— f)=0 Viq Principle of virtual power

F
uTMiu+6u'Q TQ"Mu—-Qq)—6u'Q Tf=0 Vou Q "f=|cs+ A
Mg
Linear momentum  [m® = F
1 . 1 r="2v
Scaling ¢ §Tr@1/_ ‘AP“"T@“" =cs+ A : : 1

A= WA(V, w)

Angular momentum Ouw + AP (vl + w)Ow = Mg | Al

Equations of motion in generalized coordinates
A =0 : System with 7 degrees of freedom



Rigid Body

DAE formulation of the rigid body dynamics

(mv =F
1 S R 2 .
<§Tr@z/— \A\Qw Ow = cs + =

7 Coordinates
. 1 7 Velocities
’ —
A= 2|A|2A(V’ w) 1 Constraint force

: 1 -
Ow + |A‘2(vl+w)@w = Mg

\|A|2_1:0

ODE formulation of the rigid body dynamics

4 &

s=|APP=1 = s=v=0

mv = F r= Ul 7 Coordinates
Ow +oOw = Mg A=— 6 Velocities

1

. T
A= — |A|2w Ow — cg

Constraint force preventing the body from scaling



Normal Cone Inclusion

« Equation of motion of a rigid body (DAE)
Mu — h(u,q,t) — WA=0

Q(q)g=u
9(q) = |AP —1=0

« Normal cone inclusion

g(q) =0 — 9(q) € Nr(—=X)

« Equation of motion of a rigid body as differential inclusion

M — h(u,q,t) — WA =0

Q(g)g=u
9(q) € Nr(—2)

10



Conclusions

Equations of motion of a body with the full degrees of freedom created by
quaternion kinematics

Interpretation of the quaternion unit length restriction as a perfect mechanical
constraint in the form of a normal cone inclusion

Equations of motion of a rigid body formulated as DAE
o Nonsingular and mechanically correct mass matrix

mI 0 0
M:=|0 3Tr@® 0
0 0 O

o Singularity-free coordinates
o Unit length restriction of the quaternion as equation in the DAE
o Useful for energy consistent integrators

Thank you
11
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Kinematics: Generalized Velocities

« Velocity as quaternion (0,€) = A(0, 0)A + (0, 7)
(0.€) = A0, 0)A + A0, 0)A + (0,7)
= ALA0. 04+ 40,04+ 0.)
|j|((0 0)AA — AA(0, g))% +(0,7)
- A (0,024 ) (0,7) i~ (I Re -R2)Qq
= A 00— )+ 00)

= (0,v + Rov — Rpw)

« Velocity as vector £ =v+ Rov— Rpw

v I 0 0

v|l=10 2a 2a7 q E=(I Rpo —RD)Qq
0 —2a 2a9l —2a

—Q

absolute velocity of a point of the body
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Quaternions and Matrices

« Representation as 4x4 matrices

T
. 44 _ (%o —a
C‘OH—>R ’ (p((ao,a))— (a aUI—I—a)

o Conjugation corresponds to transposition

p(A) = p(A)T

« Multiplication with matrices  @(AB) = ¢(A)p(B)

« Representation as 4D vectors

Y:H— R, P((ao,a) = (“’0)

a

« Conjugation PY(A) =T P(A), T = (

1
0

%)

« Multiplication with 4x4 matrix  Y(AB) = @(A)Y(B)
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