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Rectilinear beam with rectangular section

M œ Ð!ß 6Ñ D − M reference configuration  , material point

? œ ÐAß @Ñ − [ À œ [ ‚["ß# #ß#  displacement field

       generalized strain/ ?sÐ Ñ œ Ð ß Ñ% ,

% ,œ A œ  @w ww   

 

(linearized) strain and change of curvature of the axis of the beam
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R œ R ‰ Ð Ñß Q œ Q ‰ Ð Ñßs ss s   / ? / ?

axial force and bending moment

> œ ÐRßQÑs s    generalized stresses

Z § [     space of admissible displacements

6 À Z Ä ‘    linear function of the loads

 ß 6 ? 6    the work of the loads 

] œ P ÐMß Ñ# #‘    space of the generalized strains

We call  external conditions.ÐZ ß Ñ6
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We suppose that

  /s À Z Ä ]

is injective and put

] œ Ð Ñ − ] À − Zs! ˜ ™  ./ ? ?

We say that equilibrates the loads if> − ]

Ð ß Ð ÑÑ œ  ß  ß − Zs> / ? 6 ? ? for each .

Proposition 1. If  is closed in , then there exists a stressfield ] ]! >

equilibrating the loads.
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Constitutive equations





Starting from the general constitutive equation for (hyperelastic)

masonry bodies [DEL PIERO, 1989], by employing Bernoulli-

Euler hypothesis, we can obtain a constitutive equation for

masonry beams.
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Partition of the space of the generalized strains















 D % , ‘ , %"
#œ œ Ð ß Ñ − À Ÿ  ß˜ ™k k/

 D % , ‘ , %„ #
# œ œ Ð ß Ñ − À „ ˜ ™k k/

 D % , ‘ % , %$
#œ œ Ð ß Ñ − À  !ß Ÿ ß˜ ™k k/
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The stored energy function

 ,9 ‘ ‘s À Ä#
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Proposition 2. The function  is convex, continuously9s

differentiable and nonnegative with derivative D9s œ ÐRßQÑs s

given by

ÐRßQÑÐ ß Ñ œs s

Ð ß Î$Ñ Ð ß Ñ − ß

Ð … Ñ

"#
Ð$ ß … #  Ñ Ð ß Ñ − ß
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Moreover

 D   9 D HsÐ Ñ œ ß" "

 D   9 D HsÐ Ñ œ ß„ „
# #

 D .9 DsÐ Ñ œ$ ˜ ™!
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Partition of the space of the generalized stresses

 










H" œ œ ÐRßQÑ À R Ÿ !ß Q Ÿ RÎ$ ß˜ ™k k>

H„
# œ œ ÐRßQÑ À R  !ß R Î$  „Q  R ß˜ ™k k k k>

H$ œ œ ÐRßQÑ Á À Q   R à˜ ™k k> !

We put

 H H H Hœ  "

#


#
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Moreover we have

(i) ,  ;9 % , % , ‘ % , ‘sÐ ß Ñ Ÿ - Ð ß Ñ - − ß Ð ß Ñ −k k# #

 
(ii) D ; 9 % , % ,sÐ ß Ñ Ÿ - Ð ß Ñk k
(iii)   is strictly convex in stresses, that is9s

  

Š ‹ ¹ ¹D D D D 9 9 9 9s s s sÐ Ñ  Ð Ñ † Ð  Ñ   - Ð Ñ  Ð Ñ/ / / / / /" # " # " #

#

for some  and all  .-  ! ß − / /" #
#‘
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Admissibility of the generalized stresses

We define

H À ] Ä ß‘

H   ,Ð Ñ œ ‰ .Ds/ /(
M

9

H sup  H‡Ð Ñ À œ Ð ß Ñ  Ð Ñ À − ] œ> > + + +˜ ™
 

 (
M

‡  9s ‰ .Dß>  

where

9 9 ‘‡ #s sÐ Ñ œ Ð † Ñ  Ð Ñ À − à= = + + +sup  ˜ ™
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 if

           if  
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R  $Q

#
ÐRßQÑ − ß

%R

*ÐR „QÑ
ÐRßQÑ − ß

_ ÐRßQÑ − Þ

ÚÝÝÝÝÛÝÝÝÝÜ 3

We say that  is  if H> >admissible ‡Ð Ñ  _Þ
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Let [ ]5 ‘À Ä !ß_ ß#

  

 if

 if

         otherwise.

5 HÐ Ñ œ

! œ ß

R

R  Q
œ ÐRßQÑ − ß Á ß

_

>

> !

> > !

ÚÝÝÛÝÝÜ
k kk k k k

$

Proposition 3. For a no-tension beam the external conditions

  are compatible if and only if there exists a stressfield ÐZ ß Ñ − ]6 >

 equilibrating the loads such that

 (
M

5 ‰ .D  _Þ>

Roughly, this last condition is equivalent to say that the line of the

thrust is wholly contained within the (open) longitudinal section of

the beam.
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Infimum energy

F      internal energyÐ Ñ œ ‰ Ð Ñ .Ds s? / ?(
M

9

E F   potential energyÐ Ñ œ Ð Ñ   ß ? ? 6 ?

 E inf E! œ Ð Ñ À − Z −  _˜ ™ ˜ ™? ? ‘

is the .infimum energy

Proposition 4. E  if and only if there exists an admissible!  _

stressfield  equilibrating the loads. If these conditions are satisfied>

we have

 
E min H ,  equilibrates the loads .!

‡œ  Ð Ñ À − ]˜ ™> > >
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Proposition 5.  (i) If there exist an admissible generalized

strainfield  and a stressfield  equilibrating the loads,/ >− ] − ]!

such that D , then the external conditions have an9sÐ Ñ œ/ >

equilibrium state and  is admissible.>

Conversely, if  is an equilibrium state, than D  is? > /! !œ Ð Ñ − ]s9

an admissible stressfield that equilibrates the loads.

(ii) If  and  are two equilibrium states and  and  the? ? > >" # " #

stressfields corresponding to them, then .> >" #œ
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If , the constitutive equationÐRßQÑ − Ï !H ˜ ™

 ÐRßQÑ œ ÐRßQÑÐ ß Ñs s % ,

can be inverted. Thus, if there exists a closed set  suchG § Ï !H ˜ ™
that the essential range of the (unique) stressfield corresponding to

? ? ? ?" # " # and  is contained in , then .G œ
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Example
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R œ  Jß Q œ D  6 .-a b
The collapse load is -- œ J2Î6Þ

For , we have the elastic solution - Ÿ œ ÐAß @ÑßJ2
$6 ?

A œ  ß @ œ ß
JD D $6  D

#I,2 %I,2
  

- #

$

a b

9s œ
$ D  '6 D  J 2  $6

%I,2

- - -# # # # # # #

$
,

and then

F    Ð Ñ œ ‰ Ð Ñ .Ds s? / ?(
M

9 œ Þ
6 J 2  6

%I,2

a b# # # #

$

-

The work of the loads is
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 ß  œ6 ?
J 6 6

#I,2 #I,2


# # $

$

-

and then the potential energy is

EÐ Ñ? œ 
6 J 2  6

%I,2

a b# # # #

$

-
.

For  , we have  
J2 J2

$6 6
Ÿ Ÿ-

 9s œ

#J

*I, D  J2  6
ß ! Ÿ D Ÿ D

$ D  '6 D  J 2  $6

%I,2
ß D  D Ÿ 6

ÚÝÝÝÝÛÝÝÝÝÜ
a b

$

!

# # # # # # #

$ !

- -

- - -

,

with .D œ 6 
J2

$
!

-

Thus

FÐ Ñ œ .D 
#J

*I, D  J2  6
? ( a b

D

!

$!

- -

( D

!

# # # # # # #

$

! $ D  '6 D  J 2  $6

%I,2
.D œ

- - -
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 .
#J 68Ð J2 J2  6 Ñ

*I, &%I,


&J$ $
#

$a b-
- -

In the same way we can obtain the displacement field  and the?

work of the loads, from which we get the potential energy

EÐ Ñ œ  Þ
#J 68 J2 J2  6

*I, &%I,

&J
?

$ $
#

$ˆ ‰a b-
- -
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