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Classical theory (Elastic behaviour)

Hza—w, F = grad ®
0F

IT Boussinesq stress, W thefreeenergy, ¥ =W (F)

det FF >0

non interpenetration condition.

Rotation matrix R does not intervene; it is impossible that ¥ is a convex
function of F,
but

there exist mathematical results.




How to take R into account?

VELOCITY OF DEFORMATION INTERNAL FORCE
grad U I1
OR
Q =—R"' M e.d
dt
grad Q = Q A= (A,)

EQUATIONS OF MOTION

+ B.C. + |.C.




Constitutive laws

W is the physical quantity which describe the elongation.

Impenetrability condition

W eC

rankW =3 < > no flattening
rankW = 2 <« flattening into a surface
rankW =1 « > flattening into a curve

flattening into a point

rankW =0 >




Elastic constitutive laws

grad R describes the spacial variation of the rotation matrix.

Free energy

¥ (W, gradR) =YW, |gradR|" )+ 1.(W)

Constitutive laws
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In this theory

« (W,gradR ) > W (W, gradR ) may be convex.

The effect may be proportional to the cause.

« There exist non unique equilibrium positions in W "7 (Q), p > 3.

*If ¥ (W) — +oo when det W — 0 there is no flattening. Reaction A ™ is present.

‘If $W(W)< +oo for detW =0 flatteningis possible. Reaction A" and § ™

are present.

e Constitutive law

oV 0¥

1 = — R is not always valid.

oF ow

I1e R(g—;}‘:—l— dl . (W)j is always valid.




Self contact

VELOCITY OF DEFORMATION INTERNAL FORCE

U(a) U(b) R(a)

EQUATIONS OF MOTION

Ra@ , R®) _
Hcof W(a)H Hcof W(b)H

x=P(a,0)=P(b,t)

CONSTITUTIVE LAW

Re 0® (U (a) - U (b))

R(b)




Collisions

Self collisions

Interior forces become percussions

Constitutive laws involve

U*(a)-U"*(b)+U (a)-U ~(b)
y)

Collisions when flattening

Boussinesq stress becomes Boussinesq percussion stress

No difficulty: velocity U *is uniquely given by velocity U -~




Numerics (Francesca Nerilli)

rankW=73

Unknowns P (a,t),R(a,t), A(a,t)

J°P . oY
p atz :le{R(W‘F Aj}

grad® = RW (P)

div(a‘PRTjﬁ- R(AW (®)+W (P)AR" =0
dgradR

+ B.C. + I.C.

A is the antisymmetric reaction matrix

Ae dl (W)




A schematic example

A

Y (W, gradR ) = %(W -1) +§ngadR I” +1.W)

D aa ®_ diviR(k(W (®)—-1)+ RA }

t2

grad® = RW (D)

div 4k (gradR YR™ )+ R(AW (@) + W (®)A)R" =0

—

IIN = 3, AN =m on I,
d(a,t) =a, R =1 on 1,
P (a,0) =a, 0P (a,0) =0




A schematic example

lterative method: ® ", R", A" areknownattime nAt.
Step 1 p%zdiv{R”(k(W((ID”)—I)+R”A”}
give |p n+!
Step 2 grad®"' = RW (&™)

> give |[R"T!

Step3.  div (4’3(gde R )+ R™ (AW (@) + W (@) A)R™ =0

give A n+1

Weak equations and finite elements

d , R arepiecewise continous

A is either piecewise continous or piecewise constant




Application 1 - Traction

Only elongation > A = () ateachtimestep

R = ] ateachtimestep

k is the elongation rigidity

Periodic motion




Application 2 - Torque

/N

A # () ateachtime step

\%

Only torsion

R # | ateachtime step

k is the rotation rigidity.
In case kK = 0 (the usual theory) rotation does not have limitation.

Periodic motion




Results
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Results
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Results

Position of the point 1
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Results

Position of the point 1
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