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Elastic contact problems with Coulomb friction
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Find a displacement field u : Ω 7→ RN such that:
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div σ(u) + f
p = 0, in Ω,

u = u
p, on Γu,

t
def
= σ · n = t

p, on Γt,

un − gp ≤ 0, tn ≤ 0,
(

un − gp
)

tn = 0,

and “tangential boundary conditions”,

∣

∣

∣

∣

∣

on Γc.

Tangential boundary conditions on Γc:

• Frictionless: tt = 0 (Signorini’s problem),

• Coulomb friction: ∀v, tt ·
(

v − u̇t

)

− Ftn
(

|v| − |u̇t|
)

≥ 0,

• “static” Coulomb friction: ∀v, tt ·
(

v − ut

)

− Ftn
(

|v| − |ut|
)

≥ 0,

• “static” Tresca friction: ∀v, tt ·
(

v − ut

)

+ S
(

|v| − |ut|
)

≥ 0.

→ Fixed point strategy for “static” Coulomb friction (DUVAUT & LIONS, 70).
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Analysis of this problem : what is known and
what is not known yet.

Continuous (static) problem

• Existence for small F < Fc (Tikhonov fixed point,
JARUS̆EK, 1983).

• Example of multiple solutions (non-uniqueness) for
large values of F (HILD, 2004).

• Nothing is known about uniqueness for arbitrarily
small F !
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Discrete counterpart or discretized (static) problem

• Existence for all F ∈ R+ (Brouwer fixed point).

• Uniqueness for small F < Fc (Banach fixed point).

• Example of multiple solutions (non-uniqueness) for
large values of F (KLARBRING, 1990).
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A particular geometry: the 2D elastic half-space

The Neumann-Dirichlet operator is known ex-
plicitly:
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d
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E = 1
ν ∈ ]−1,1/2[

t

But, there are technical difficulties:

• the displacement is infinite at infinity,

• the solutions have unbounded energy, in gen-
eral.

xR

Fδ ∼ C logR
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The Signorini problem for the 2D elastic half-space

1
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d
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The problem can be put under the form of a varia-
tional inequality by use of the bilinear form:

a(t1, t2) = −
∫ 1

−1

∫ 1

−1
t1(x) t2(t) log |x − t|dxdt,

= −
〈

t1, t2 ∗ log | · |
〉

H−1/2,H1/2,

which defines a scalar product on H−1/2
(

]−1,1[
)

inducing a norm which is equivalent to the norm of
H−1/2

(

]−1,1[
)

.
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The handling of (static) Coulomb friction

Find tx, ty ∈ L1(−1,1;R) and ūx, ūy ∈ W1,1(−1,1;R) satisfying for a.a. x ∈ ]−1,1[:
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•
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ty(t) dt = F = 1,

∫ 1
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tx(t) dt = G = F η,

• ūy(x) ≥ 0, t̄y(x) ≥ 0, ūy(x) t̄y(x) ≡ 0,
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F = 1

G = F η
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• |tx(x)| ≤ −F ty(x), and
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|tx(x)| < −F ty(x) ⇒ ux(x) = 0,

|tx(x)| = −F ty(x) ⇒ ux(x) tx(x) ≤ 0.

Patrick BALLARD On uniqueness for Coulomb friction 6 / 11



General properties shared by any solution

E = 1
ν

x

y

F = 1

G = F η

−1 +1

sticking zone slipping zone

THEOREM • Any solution of the problem must achieve active contact every-
where ūy ≡ 0.

• Any solution of the problem must have a non-void connected stick-
ing zone with nonempty interior.

• The sticking interval in any solution of the problem must be sur-
rounded by two non-void peripheral inwards slipping zones that
reach the two edges of the punch.
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Regularity analysis of any solution

Set α =
1

π
arctan

(

F
1 − 2ν

2(1 − ν)

)

∈ ]0,1/2[ .

x

c 1−1

ty(x)

x

tx(x)

c 1−1

c 1 x
d

dxūy(x)

ty has a left-deriv. at x = c−,

ty(x) ∼ C(x − c)
1
2−α

as x → c+

ty(x) ∼ C

(1−x)
1
2
−α

as x → 1−

tx(x) ∼ C

(1−x)
1
2
−α

as x → 1−

Fty − tx ∼ C(c − x)
1
2−α

as x → c−

dūy
dx ∼ C

(1−x)
1
2
−α

as x → 1−

dūy
dx ∼ C(x − c)

1
2−α

as x → c+

In particular , tx, ty, dūy
dx are locally C

1
2−α ⊂ H1/2 in ]−1,1[ and belong to L2(−1,1;R)

(regularizing effect of friction at corners).
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Uniqueness analysis for this model problem

x−1 +1

THEOREM There exists Fc(ν) > 0 such that, for all:

F < Fc(ν),

the sticking intervals of two distinct solutions (if any !) can not overlap.

=⇒ the number of solutions is at most countable.
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A favourable limiting case

Find tx, ty ∈ L1(−1,1;R) and ūx, ūy ∈ W1,1(−1,1;R) satisfying for a.a. x ∈ ]−1,1[:
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ty(t) dt = F = 1,
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• ūy(x) ≥ 0, t̄y(x) ≥ 0, ūy(x) t̄y(x) ≡ 0,
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• |tx(x)| ≤ −F ty(x), and

∣

∣

∣

∣

∣

∣

|tx(x)| < −F ty(x) ⇒ ux(x) = 0,

|tx(x)| = −F ty(x) ⇒ ux(x) tx(x) ≤ 0.
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A favourable limiting case : incompressibility

Find tx, ty ∈ L1(−1,1;R) and ūx, ūy ∈ W1,1(−1,1;R) satisfying for a.a. x ∈ ]−1,1[:
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ūy(x),

•
∫ 1

−1
ty(t) dt = F = 1,

∫ 1

−1
tx(t) dt = G = F η,

• ūy(x) ≥ 0, t̄y(x) ≥ 0, ūy(x) t̄y(x) ≡ 0,
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(

η ∈ ]−1,1[

)

• |tx(x)| ≤ −F ty(x), and
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|tx(x)| < −F ty(x) ⇒ ux(x) = 0,

|tx(x)| = −F ty(x) ⇒ ux(x) tx(x) ≤ 0.
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A favourable limiting case : incompressibility

THEOREM The frictional contact problem for the in-
compressible isotropic elastic 2D half-
space and obstacle of arbitrary shape φ ∈

H1/2, admits a unique solution for all:

F > 0.
−1 +1
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F = 1

G = F η

(

η ∈ ]−1,1[

)
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